ABSTRACT. The aim of this paper is to generalize the theory of densities of closed positive currents by Dinh-Sibony to non-Kähler manifolds. As an application, we generalize known upper bounds for the number of isolated periodic points of meromorphic self-maps of Kähler manifolds to the case of self-maps of non-Kähler manifolds in a class G including all compact complex surfaces. We also show that the dynamical degrees and algebraic entropy of meromorphic self-maps of compact complex surfaces are finite bi-meromorphic invariant.
INTRODUCTION
A fundamental problem in the pluripotential theory and complex geometry, which was posed by Demailly [8] , is to define in a reasonable way the intersection of two closed positive currents. Although, the intersection of currents of bi-degree (1, 1) is well understood (see [7, 28, 3] ), the case of currents of higher bi-degree still remains challenging.
A recent remarkable progress in this research direction is the theory of densities of currents on Kähler manifolds given Dinh-Sibony [21] . This theory generalizes the superpotential theory of currents also due to Dinh-Sibony and the classical intersection of currents of bi-degree (1, 1) mentioned above, see [14, 35] for details. It has deep applications in complex dynamics and foliations. We refer the reader to [22, 10, 36, 14, 11, 13, 34] for details.
The first aim of this paper is to extend the notion of tangent currents, hence, densities of currents by Dinh-Sibony to non-Kähler manifolds. We then recover their properties as in [21] . As we will see later, this generalisation not only is natural (see comments after Theorem 1.1 below) but also has immediate applications to complex dynamics on non-Kähler manifolds.
Let X be a compact complex manifold of dimension k. Let T be a closed positive (p, p)-current on X and V a smooth complex submanifold of X. Roughly speaking, the tangent currents to T along V are closed positive currents on the projective compactification of the normal bundle E of V in X encoding the infinitesimal behaviour of T along the normal directions to V. As a particular case, when V is a point and T is a complex analytic sets passing through V, then there is only one tangent current to T along V which is characterized by the tangent cone of T at V and the multiplicity of V in T (which is the Lelong number of T at V ).
Given two closed positive currents T 1 , T 2 on X, the density currents associated to T 1 , T 2 are tangent currents to T 1 ⊗ T 2 along the diagonal ∆ of X × X. Intuitively, these density currents contain all of informations about the intersection of T 1 , T 2 . The following is a consequence of our main results (see Theorems 2.9 and 3.1) showing the existence of tangent currents in a more general situation than in [21] . Theorem 1.1. Let X be a complex manifold of dimension k. Let T be a closed positive (p, p)-current on X and V a smooth complex submanifold of X. Then the following two properties hold:
(i) if T is the current of integration along an analytic subset of X, then there exists a unique tangent current to T along V . In particular, there exists a unique density current associated to two analytic subsets on X,
(ii) if X is compact and there exists a Hermitian metric ω on X for which dd c ω j = 0 on V for 1 ≤ j ≤ k − p − 1, then there exist tangent currents to T along V and every such current is V -conic.
Property (i) shows us that since the density current associated to two analytic subsets on any complex manifold is unique, it might be a good notion for the intersection of two analytic sets of arbitrary dimensions in an arbitrary complex manifold.
Recall here that a V -conic current means a current in E which is invariant by the multiplication by non-zero complex numbers along fibers of E. We would like to emphasize that in Property (ii) of Theorem 1.1, the closedness property of ω is only required to hold on V. This is crucial for our applications. Another remark is that if p = k − 1, the hypothesis on ω is always satisfied because k − p − 1 = 0.
In the theory of closed positive currents for compact Kähler manifolds, we use very often the property that the mass of the wedge product of closed positive currents (when they are well-defined) is equivalent to the norm of the cup product of their de Rham cohomology classes. The key fact illustrates a strong link between closed positive currents on compact Kähler manifolds and their de Rham cohomology classes. In the non-Kähler situation, that property is no longer true. One can see it simply by looking at a manifold with a vanishing Betti number of even degree, for example a standard Hopf surface. So in order to study currents efficiently in the non-Kähler situation, we should find a way to bypass the use of their cohomology classes. In this spirit, we will establish Proposition 2.7 below which is a version of the semi-continuity theorem for tangent currents in [21, Th. 4.11] . That result is a key for our applications.
We now present some applications of the above results to the study of dynamics of selfmaps on non-Kähler manifolds. The case of self-maps with dominant topological degree on non-Kähler manifolds was studied in [37] . We refer to the last paper for examples of dynamical systems on non-Kähler manifolds.
Let us now introduce the following class G of complex manifolds which is a main object of our study. Let G be the set of compact complex manifolds X possessing a Hermitian metric ω such that dd c ω j = 0 for 1 ≤ j ≤ k − 1, where k := dim X. The Hermitian metric ω with the last properties has been studied by Fino-Tomassini in [27, 25] . This notion is related to the anestho-Kähler metric introduced by Jost-Yau in [32] and strong KT metrics surveyed in [26] .
Clearly, G contains every compact Kähler manifold. By a result of Gauduchon [29] , every k-dimensional compact complex manifold admits a Gauduchon metric ω, i.e, ω is a Hermitian metric with dd c ω k−1 = 0. Hence every compact complex surface belongs to G . We refer to [27] for more examples of manifolds in G . We remark however that Hopf manifolds of dimension > 2 is not in G , see [23, Th. 8.3] .
We would like to emphasize a key difference between G and the class of Kähler manifolds is that in contrast to the Kähler case, we don't know whether the product of two manifolds in G is in G . It is very likely that this is not true, see [27] for some related comments. That problem is a crucial difficulty when studying the dynamics of self-maps on X ∈ G because in order to study dynamical properties of self-maps of X, we often have to work on the Carterisan products X n of X with n ∈ N. Let us enter the details now. Let X be a compact complex manifold of dimension k. Let f be a dominant meromorphic self-map of X. We only need the dominance property of f to define the iterates f n . So this assumption is superfluous if f is holomorphic. Let ω be a strictly positive Hermitian (1, 1)-form on X. For 0 ≤ q ≤ k, put
We will write d q for d q (f ) if no confusion arises. We can see easily that d j are independent of the choice of ω. The number d 0 is always 1 and d k is the topological degree of f. When f is holomorphic, these numbers are finite because the differential of f is of norm uniformly bounded on X. We call d q the q th dynamical degree of f for 0 ≤ q ≤ k and h a (f ) the algebraic entropy of f.
When X is Kähler, the numbers d j , h a (f ) are crucial finite bi-meromorphic invariants of f ; see [17, 18, 16] . Let P n be the number of isolated periodic points of f of period n and h t (f ) the topological entropy of f. Our next main result is the following. Theorem 1.2. Let X ∈ G and f a dominant meromorphic self-map of X. Then we have lim sup
When X is of dimension 2, then the algebraic entropy h a (f ) of f is finite and is a bimeromorphic invariant of f and
We don't know whether d q are finite for general X ∈ G of dimension > 2. When X is a Kähler manifold of arbitrary dimension, (1.1) is proved by Dinh-Nguyên-Truong [13, Th. 1.1]. The upper bound (1.2) was proved by Gromov [30] for holomorphic self-maps of compact Kähler manifolds and by Dinh-Sibony [17, 18] for meromorphic self-correspondences of compact Kähler manifolds. The proofs in these last papers use, in an essential way, a regularisation theorem for closed positive currents in [20] which is not available in the non-Kähler case.
The key ingredient in the proof of Theorem 1.2 is our study of the intersection of analytic subsets on non-Kähler manifolds based on the above-mentioned generalization of the theory of densities of currents on Kähler manifold in [21] . A direct consequence of Theorem 1.2 is the following result.
Corollary 1.3. Every holomorphic self-map of compact complex manifolds in G is an Artin-
Mazur map, i.e, the number of isolated periodic points of f of period n grows at most exponentially as n tends to ∞.
The last corollary illustrates an interesting difference between complex dynamics and real dynamical systems because as showed by Kaloshin in [33] , there are large families of diffeomorphisms of compact differentiable manifolds whose sets of isolated periodic points grows faster than any given sequence of integers. Note however that Artin-Mazur [2] proved that the set of Artin-Mazur maps of a compact differentiable manifold is dense in the set of C m maps with m ≥ 1. We now turn our attention to self-maps with dominant topological degrees. Recall that f is said to have a dominant topological degree if
The dynamics of a such map has been thoroughly investigated in the Kähler case, see [19] and references therein for more information. The non-Kähler case was studied in [37] where it is proved that the equilibrium measure µ f of f exists and satisfies well-known properties as in the Kähler case. Here is our next main result. Theorem 1.4. Let X ∈ G and f a dominant meromorphic self-map of X with a dominant topological degree. Then we have
In the Kähler case, the bound (1.3) was proved by Dinh, Nguyên and Truong [11] for correspondences with dominant topological degrees and by Dinh, Nguyên and the author of this paper [14] for holomorhic correspondences with simple actions on the cohomology ring. The proof of both results use the semi-continuity of the total tangent class of a closed positive current along a submanifold of a compact Kähler manifold, see [21, Th. 4.11] . As we explained above, the de Rham cohomology class of a closed positive current on a non-Kähler manifold can be zero. Thus, even if some variant of that semi-continuity property still holds in our setting (for this we don't know), this doesn't give our expected estimate. The key in the proof of (1.3) is Proposition 2.7 in Section 2 which serves as a substitute of the semi-continuity theorem of Dinh-Sibony.
All of above results still hold for meromorphic correspondences. But in order to keep the presentation as simple as possible, we don't elaborate it here. Finally, we would like to note that many dynamical properties in the Kähler case can be generalized to holomorphic self-maps on manifolds in G . We refer to Remark 4.3 and Corollary 4.4 in Section 4 for details.
The paper is organized as follows. In Section 2, we present a generalization of the theory of tangent currents to non-Kähler manifolds. In Section 3, we use the last theory to study the intersection of analytic sets and prove Theorem 1.2. In Section 4, Theorem 1.4 is proved. and Taeyong Ahn for fruitful discussions on the paper [21] . This research is supported by a postdoctoral fellowship of Alexander von Humboldt Foundation.
TANGENT CURRENTS
Let X be a complex manifold of dimension k and V smooth complex submanifold of X of dimension l. Let T be a closed positive (p, p)-current on X, where 0 ≤ p ≤ k. We assume that T has no mass on V. By Federer's support theorem [24] , every closed positive current can be decomposed into the sum of a closed positive current having no mass on V and one on V. Hence, the hypothesis on T in fact makes no restriction in our study. Let suppT be the support of T. Let [V ] be the current of integration along V.
Denote by π : E → V the normal bundle of V in X and E := P(E ⊕ C) the projective compactification of E. The hypersurface at infinity H ∞ := E\E of E is naturally isomorphic to P(E) as fiber bundles over V. We also have a canonical projection π ∞ : E\V → H ∞ .
Let U be an open subset of X with U ∩ V = ∅. Let τ be a smooth diffeomorphism from U to an open neighborhood of V ∩ U in E which is identity on V ∩ U such that the restriction of its differential dτ to E| V ∩U is identity. Such a map is called an admissible map. When U is a small enough tubular neighborhood of V, there always exists an admissible map τ by [21, Le. 4.2] . In general, τ is not holomorphic. When U is a small enough local chart, we can choose an admissible holomorphic map by using suitable holomorphic coordinates on U.
For λ ∈ C * , let A λ : E → E be the multiplication by λ on fibers of E. Consider the family of closed currents (A λ ) * τ * T on E| V ∩U parameterized by λ ∈ C * .
Definition 2.1. [21, 35] A tangent current T ∞ of T along V is a closed positive current on E such that there are a sequence (λ n ) ⊂ C * converging to ∞ and a collection of admissible holomorphic maps τ j : U j → E for j ∈ J satisfying the following two properties.
When X is Kähler and suppT ∩ V is compact, the above definition of tangent currents agrees with that given in [21] and it is proved there that tangent currents always exist and are independent of the choices of τ j . This crucial fact also holds in our setting, see Lemma 2.2 below. By this reason, the sequence (λ n ) is called the defining sequence of T ∞ . Before introducing a weaker assumption (Hypothesis (H) below) guaranteeing the existence of tangent currents, we will give some notations and auxiliary results.
Following [21] , a bi-Lipschitz mapτ from U to an open neighborhood of U ∩ V in E is said to be almost-admissible ifτ | U ∩V = id,τ is smooth outside V and on every local chart
and ). Note thatτ * T is well-defined as a closed current onτ (U)\(U ∩ V ) which is of locally finite mass near U ∩ V becauseτ is bi-Lipschitz and smooth outside V. We extendτ * T to be a current of order 0 onτ (U) by puttingτ * T := 0 on U ∩ V. Althoughτ * T is actually closed (see [24, 4.1.14] ), we will not need that fact in the sequel. Whenτ is smooth, it is clear thatτ * T is the usual pushforward of T byτ because T has no mass on V. We will need to use both admissible and almost-admissible maps. 
Proof. We follow closely the arguments from [35] . Let τ j , U j with j ∈ J be as above. Fix a j ∈ J. Without loss of generality, we can suppose that U = U j is a local chart. Put
Since both τ andτ are almost-admissible, we have (2.1)
as x ′′ → 0. Let Φ be a smooth form with compact support in π −1 (U ∩ V ) ⊂ E and denote
Notice that |x
Using this fact and (2.1), on U\V, we have
where Ψ λ are forms on π −1 (U ∩ V )\V supported in a fixed compact subset of E and the coefficients of Ψ λ are uniformly bounded on π −1 (U ∩ V ) in λ. Let Ω be a positive form with compact support on π −1 (U ∩ V ) such that Ψ λ ≤ Ω on π −1 (U ∩ V )\V for every λ. Since (A λ ) * τ * T is positive and T has no mass on V , we have
By the hypothesis, lim λn→∞ (A λn ) * τ * T = T ∞ . Thus the mass of (A λn ) * τ * T on compact sets is bounded uniformly in λ n . This gives
for some constant C independent of n. Hence lim n→∞ (A λn ) * τ * T = T ∞ . The proof is finished.
For two closed positive currents T 1 , T 2 on X. Consider the tensor current T 1 ⊗ T 2 on X × X. A density current associated to T 1 , T 2 is a tangent current of T 1 ⊗ T 2 along the diagonal ∆ of X × X. Consider a particular case where T 1 := T and T 2 := [V ]. We will show that a density current associated to T, [V ] corresponds naturally to a tangent current of T along V.
Observe that we have natural identifications T(X 2 ) ≈ TX × TX between vector bundles, where TX is the tangent bundle of X and ∆ ≈ X. Since V ⊂ X ≈ ∆, there is a canonical inclusion ı from TV to (TX × {0})| ∆ which is a subbundle of T(
x ∈ V }. Let E ∆,V be the restriction of E ∆ to ∆ V . Observe that F is a subbundle of E ∆,V of rank l and the natural map
Proof. Firstly notice that every tangent current of
Hence, a such current is supported on E ∆ V .
Let T ∞ be a tangent current of T along V and (λ n ) its defining sequence. Consider a local chart (U, x) of X with U = U ′ × U ′′ and x = (x ′ , x ′′ ) so that V ∩ U is given by the equation x ′′ = 0 and 0 ∈ U. We then obtain an induced local chart U ×U with coordinates (x, y) on X ×X with x = (x ′ , x ′′ ) and y = (y ′ , y ′′ ). The diagonal ∆ is given by the equation
Using the local coordinates (x, z), we identify the tangent bundle of
With these identifications, we see that
It follows that
We also have that the identity maps id U : U → U and id U 2
The set of forms Φ is dense in C ∞ -topology in the space of smooth forms with compact support. We consider first the case where Φ 1 is a function in x ′′ . Without loss of generality, we can assume
for every x ′ in a fixed compact set if n big enough because suppΦ 2 ⋐ C l which is contained in λ
Notice that
because Φ 1 (0) = 1. Using this and (2.3) gives
Comparing (2.6) and (2.5) gives
On the other hand, we also see from (2.
* T ∞ holds in the both cases. We now assume that T
exists. Then, by choosing Φ 1 (x ′′ ) ≡ 1 in the above defining formula of Φ and using (2.4)-(2.6), we obtain that (A λn ) * T is of uniformly mass on compact subsets of
The first part of the proof then implies that
Hence, T ∞ is the unique limit current of the sequence (A λn ) * T . In other words,
This finishes the proof.
Let σ : X → X be the blowup along V of X and V := σ −1 (V ) the exceptional hypersurface. Recall that V is naturally biholomorphic to P(E).
The projection π induces naturally a vector bundle projection π E from E to σ −1 E (V ). The last map can be extended to a projection π E from E to σ
is naturally identified with the normal bundle of V in X. Hence we can identify σ −1 E (V ) with V and use E as the normal bundle of V in X.
Given any smooth admissible map τ : U → E, by [21, Le. 4 .3], we can lift τ to a bi-Lipschitz almost-admissible map τ with
Observe that the hypersurface at infinity H ∞ of E is biholomorphic to that of E via σ E . We use π ∞ to denote the natural projection from E\ V to H ∞ . Since the rank of E over V is 1, we can extend π ∞ to a projection from E to H ∞ . Let T be the pull-back of T on X\ V by σ| X\ V . We assume from now on the following.
(H):
T has locally finite mass near V and there are countably many holomorphic admissible maps τ j :
We will prove in Theorem 2.9 at the end of this section that the last assumption is satisfied if suppT ∩ V is compact and there exists a Hermitian form ω on X with dd c ω j = 0 on V for 1 ≤ j ≤ k − p − 1. This generalizes the criteria given in [21, Th. 4.6, Le. 3.12] for Kähler manifold X where the above form ω is a Kähler form on X. Another interesting case where (H) is satisfied is when T is a current of integration along an analytic subset of X, see Theorem 3.1 in the next section.
Note that since T has locally finite mass near V , it can be extended trivially through V to be a closed positive current on X. We still use A λ to denote the multiplication by λ ∈ C * in fibers of E or E. By a diagonal argument, Hypothesis (H) ensures the existence of a tangent current T ∞ to T along V associated with a sequence (λ n ) ⊂ C → ∞. The following result is essentially contained in [21] .
Proposition 2.4. For any smooth admissible map
for some tangent current T ∞ of T along V . There exists a closed positive current S ∞ on H ∞ such that
Since π ∞ is only a submersion from E\V to H ∞ , in the second equality of (2.9), the current π * ∞ S ∞ isà priori a closed positive current on E\V which can be extended to be a current on E trivially through V because it has locally bounded mass there. A direct consequence of (2.9) is that T ∞ can be extended to be a closed positive current on E having no mass on V. We still have that the de Rham cohomology of every tangent current T ∞ is the same as in [21] . But we don't need to use that fact in this paper.
Proof. Let τ be as in the statement and τ : U → E the lift of τ to U = σ −1 E (U) as above. By (2.7) and the fact that T, T have no mass on V, V respectively, we have
for every smooth form Φ with compact support in E| V ∩U . Recall that τ is almost-admissible. By Lemma 2.2 and (H), the mass of (A λ ) * τ * T is uniformly bounded on compact subsets of π
. Using this and (2.10) implies the first desired assertion.
Let T ∞ be a tangent current with the defining sequence (λ n ). By using a subsequence of (λ n ) if necessary, we can assume also that (A λn ) * τ * T converges to a tangent current T ∞ of T along V . Substituting λ = λ n in (2.10) and letting n → ∞ give
Hence, the equality (2.8) follows.
We claim that T ∞ have no mass on V . To see it, let U
compact local chart of X with x ′ = ( x 1 , . . . , x k−1 ) so that V is given by x k = 0. Since the restriction of T ∞ to V is a closed positive current, it is the pushforward of a closed positive current on V . It follows that the mass of
because T has no mass on V .
We now prove (2.9). To this end, we first check that
Let the local coordinates be as above.
* Φ 2 and Φ 2 belongs to the same cohomology class with compact support in C because their integrals over C are equal.
Since H 2 c (C, C) is of dimension 1, there exists a smooth 1-form Θ(x k ) with compact support on C for which (A t )
Using this, the closedness of T and Cauchy-Schwarz inequality, we obtain that
The first term in the right-hand side of the last inequality is uniformly bounded in λ, whereas the second one converges to 0 as λ → ∞ because (dd c x ′ ) is invariant by A λ and supp(A λ ) * Φ converges to V. Letting λ → ∞ gives (A λ ) * T ∞ = T ∞ . Observe that if θ is a smooth closed positive form on
is a tangent current of T ∧ θ along V on U 1 with the same defining sequence (λ n ). Choose a such θ of bidegree (k − p, k − p). We obtain that µ :
which has no mass on V because T ∞ has no mass on V .
On the other hand, since T ∞ ∧ π * E (θ| V ) is V -conic, for any smooth positive cut-off function χ( x ′ , x k ) supported on U 1 , we have µ, χ = µ, A * t χ for every t ∈ C * . Letting t → ∞ in the last equality and observing that the limit supremum of the uniformly bounded functions A * t χ as |t| → ∞ is a function supported on
Thus, µ = 0. Or in other words, T ∞ ∧ π * E (θ| V ) = 0 for every smooth closed positive form θ of bidegree (k − p, k − p). It follows that in the local coordinates ( x ′ , t) of E, the current T ∞ must have the following form:
for some Radon measures α I,I ′ on E, where the sum is taken over I, I
′ with I, I ′ ⊂ {1, . . . , k − 1} and I, I
′ are of cardinality p. Since T ∞ is closed, α I,I ′ is independent of t.
As a result, we obtain a current S ∞ on U 1 for which
. The last formula tells us that S ∞ is independent of local coordinates and local charts. Hence, S ∞ is a well-defined closed positive current on V for which
Now notice that (π E )| H∞ is a biholomorphism between H ∞ and V . So we can identify these two submanifolds via that biholomorphism. We then view S ∞ as a current on H ∞ . Observe now the fiber of π E at x ∈ V only differs to the fiber of
points. This implies that T ∞ = π * ∞ S ∞ . This proves the first equality of (2.9). The second equality follows directly from the first one and the following formulae:
This ends the proof. 
, where recall that we identified V with P(E) and identified T ∧ [ V ] with a current on V .
Proof. By [35] , there is a unique tangent current
) by identifying X with ∆ X , where π ∆ X is the projection from the normal bundle E ∆ X onto ∆ X . Hence, by Lemma 2.3, there exists uniquely a tangent current of T along V which is given by π * E
). This combined with (2.9) yields that
The desired equality then follows. The proof is finished.
The following simple result plays a key role for our purposes later. 
Denote by I 1 , I 2 , I 3 respectively the first, second and third terms in the right-hand side of the last formula. Clearly, 
The desired limit (2.13) then follows. The proof is finished.
As mentioned in Introduction, in a general non-Kähler compact manifold X, the de Rham cohomology class of a positive closed current can be vanished. So the use cohomology classes of closed positive currents is not efficient as usual. Consequently, we don't know whether a semi-continuity property similar to [21, Th. 4.11] still holds. Proposition 2.7 below will serve as a substitute for that semi-continuity theorem. Although its hypothesis is more restrictive, this result is still enough to have meaningful applications in complex dynamics as we will see later.
Let ω be a positive definite Hermitian form on X. If codim V ≥ 2, let ω h be a Chern form of O(− V ) whose restriction to each fiber of V ≈ P(E) is strictly positive, otherwise we simply put ω := 0. By scaling ω if necessary, we can assume that ω := σ * ω + ω h > 0. Since σ * ω h = σ * ω − ω ≥ −ω, there exists a quasi-p.s.h. function ϕ on X such that σ * ω h = dd c ϕ + η (2.14)
for some smooth closed form η. The function ϕ is a crucial object for us as it is in [21] . By multiplying ω h by a strictly positive constant, we have
if codim V ≥ 2. Indeed one only needs to check it locally. Hence, we can reduce this question to the Kähler case where the desired identity is already known. Thus we have
on compact subsets of X provided that codim V ≥ 2. Proposition 2.7. Let X be a complex manifold. Let T n be a sequence of closed positive currents of bidimension (q, q) converging to a current T. Assume that (i) T n has no mass on V and suppT n ∩ V ⊂ K for some compact K independent of n, (ii) T n , T are of locally bounded mass near V (hence they can be extended trivially through V ) and the products
Note that if q ≥ 3, Condition (iii) is equivalent to that dd c ω = ∂ω ∧ ∂ω = 0 on V.
If T n are currents of integration along analytic sets, then the assumption of Proposition 2.7 on T n is automatically satisfied. This is the case in our application to the problem of estimating the number of isolated periodic points of meromorphic self-maps later.
Proof. By extracting a subsequence, we can assume that
By (iii), observe that dd c ω j = 0 on V for 1 ≤ j ≤ q − 1. This allows us to apply Lemma 2.6 to Y := X, Z := V , R n := T n and Ω := ω j ∧ σ * ω q−j−1 . The desired limit (2.16) follow immediately. The proof is finished.
Although we will not need the following remark later, we present it here because it might be useful elsewhere. Theorem 2.9. Let X be a complex manifold. Let T be a closed positive current of bidimension (q, q) on X for q ≥ 0 and V a smooth submanifold of X. Assume that (i) suppT ∩ V is compact and T has no mass on V , (ii) there exists a Hermitian form ω on X for which dd c ω j = 0 on V for 1 ≤ j ≤ q − 1. Then Assumption (H) holds for X, V, T . Moreover, given any compact K in X, such that suppT ∩ V ⊂ K, there exists a constant c independent of T for which
Remark 2.8. Consider the case where ω is Kähler. Then in the proof of Proposition 2.7, we can choose Ω to be a smooth closed form. As a result, we get
for every tangent current T ∞ of T along V.
Here for every current S of order 0 on X, S denotes the mass of S.
Proof. If q = 0, then T is a measure having no mass on V and T ∞ = 0. The desired assertions obviously hold. Consider now q ≥ 1. We first show that the mass of T is locally bounded near V . Let W, W T be open neighborhoods of V, suppT respectively such that W T ∩ W is relatively compact in X. Fix ω as in Assumption (ii) and ω h , ω as above.
Put W := σ −1 (W ) and
If V is a hypersurface, the first inequality of (2.17) is clear because T = T. Consider codim V ≥ 2. Since T has no mass on V , using the fact that σ * ω h is smooth outside V and σ * σ * ω = ω, we have
for some positive constant c independent of T with dd c ϕ + cω ≥ 0.
For a positive constant M, put ϕ M := max{ϕ, −M}. Note that dd c ϕ M + cω ≥ 0. Since
where
Using Assumption (ii), we observe that A M can be written as a linear combination of
with coefficients of absolute values bounded a constant independent of T, where ω j is a smooth (q − j, q − j)-form depending only on ω such that dd c ω j = 0 on V. So we only need to bound A M,j . We will prove that 
By (2.15), for M big enough we have suppT ∩ suppϕ M ⊂ W T ∩ W which is compact in X. Thus using Stokes' theorem, one obtains
because of (2.22) . By (2.15) and the fact that dd c ω j = 0 on V , the C 0 -norm of the form ϕ M dd c ω j is bounded independently of M. Thus we get (2.20) for j. It follows that A M T for M big enough. This combined with (2.19) gives T T . Now it remains to show that (A λ ) * ( τ j ) * T is of uniformly mass on compact subsets of π
We need to prove that the mass of T ∧ ρ on
. By the Cauchy-Schwarz inequality,
Thus, it is enough to estimate T ∧dd
This is already done in [21] . We reproduce arguments here for the readers' convenience.
Put W := σ −1 (W ). Let u be a quasi-p.s.h. function on X such that u vanishes outside W and u is a potential of
c u + β, for some smooth form β on W . Note that W ∩suppT is relatively compact in X. We have u( x) − log | x 1 | ≤ A on U j for every j and some constant A independent of j. Put s := log |λ|. We only need to consider |λ| big, say, |λ| ≥ e 3A . Thus u ≤ − log |λ| + 2A on Z λ . Let χ λ be a convex increasing function bounded from below on R such that χ λ (t) = t for t ≥ − log |λ| + 3A and 0 ≤ χ ′ ≤ 1 and
for t ≤ − log |λ| + 2A. Put φ λ := χ λ • u which is bounded and supported on W . Hence we get
We also have
on Z λ for some constant c independent of λ. This implies that
Observe that dd c ( ω q−1 ) = 0 on V . This together with (2.24) and (2.23) allows us to argue as before to obtain that
The proof is finished.
INTERSECTION OF ANALYTIC SETS
In this section, we study the intersection of analytic sets by using the theory of tangent currents developed in the last section. Our first main result in this section is Theorem 3.1 below saying that the tangent current of an analytic subset along a smooth submaniold on every complex manifold always exists and is unique. Let X be a complex manifold. We emphasize that there is neither compactness assumption nor Kähler condition on X. Let V, E, σ, X, V , π ∞ be as in the last section. 
Then, the tangent current of [V 1 ] along V is unique and is given by the pull-back of
As a consequence, for analytic subsets V 1 , V 2 of X, the density current associated to
Proof. Clearly, V 1 is not a subset of V . Thus, V 1 intersects V properly because V is a hypersurface. We deduce that the wedge product
is well-defined in the classical sense, see [28, 7] . The desired assertion then follows immediately from Proposition 2.5. The proof is finished.
Put l 1 := dim V 1 . Denote by W the set of irreducible components of V 1 ∩ V . These components are of dimension (l 1 − 1). Write The reason is that the both definitions enjoy the same continuity property, see [6, p. 212] . Thus α W is equal to the usual multiplicity along W of the proper intersection V 1 ∩ V . In particular, α W is a strictly positive integer for every W ∈ W. Definition 3.2. For every isolated point x ∈ V 1 ∩ V, its multiplicity ν x is defined to be
Note that in the above definition there is no assumption on the dimensions of V 1 , V. (i) for any isolated point x in V 1 ∩ V , the multiplicity ν x defined above is equal to the usual multiplicity of x in the intersection V 1 ∩ V. Moreover, the only irreducible component
for every compact K of X and for every positive (l 1 − 1, l 1 − 1)-form Φ on X whose restriction to each fiber of V ≈ P(E) is of mass 1 on that fiber, we have
Proof. Let T ∞ be the tangent current of T := [V 1 ] along V. Let x be an isolated point in the intersection V 1 ∩ V and ν ′ x its multiplicity defined in the classical sense. It is already observed in [11, Le. 2.2] that in a small enough local chart around x we have
where T ∞ is the tangent current of T along V. This can be seen directly from the classical definition of the multiplicity of x.
The inequality (3.1) is deduced directly from the fact that
where the sum is taken over isolated points in V 1 ∩ V. The proof is finished.
The following is a direct consequence of Theorem 2.9 and Lemma 3.3. 
where |V 1 ∩ V | denotes the number of isolated points counted with multiplicity in the intersection V 1 ∩ V.
We now study the contribution of other irreducible components of higher dimension of V 1 ∩ V in the tangent current of V 1 along V.
Proof. Let l Suppose first that Claim is proved. We will show how to finish the proof. Let W ∈ W so that σ( W ) has a non-empty intersection with W
is a proper analytic subset of W 1 . If the latter case occurs, the dimension of the fibers of the projection
. This is a contradiction because according to Claim, the dimension of
which is strictly smaller than the dimension of the fiber of x 0 of the projection W → σ( W ). Thus The desired assertion follows. We now prove Claim. In order to do so, we need to understand the set of limit points of σ −1 (x n ) for any sequence (x n ) ⊂ V 1 converging to V because that set is exactly V 1 ∩ V . To this end, we will construct below a family of holomorphic discs which is crucial to describe the desired limit sets.
Let
We obtain a family of holomorphic discs ϕ τ : D → RegV 1 parameterized by τ and each disc ϕ τ intersects W ′ 1 only at its center. Moreover, for τ 1 fixed, x 0 (τ 1 ) := ϕ τ 1 ,τ 2 (0) is independent of τ 2 and is diffeomorphic in τ 1 . Now we will examine how ϕ τ is lifted to X. Observe that
. One shouldn't confuse the coordinates x with y above because x are coordinates on X whereas y are coordinates on V 1 .
By (3.3), we get 
Let V 1,ϕ be the image of the union of the images of ϕ τ over τ ∈ Z 0 . By the defining formula of ϕ τ , the set V 1,ϕ is an open subset of RegV 1 and
,ϕ is open in V 1 and its intersection with V is W ′′ 1 , the set L 1 is also the set of limit points of σ −1 (x n ) for any sequence (x n ) ⊂ V 1,ϕ \V converging to W ′′ 1 . Denote by L 2,τ the set of limit points of
Over U, the blowup X ∩ σ −1 (U) is simply the set
where [x ′′ ] denotes the point in P k−l−1 induced by x ′′ . We infer that L 2,τ is the limit set of
which is continuous with respect to
Thus there are (t n ) ⊂ D * converging to 0 and (τ n ) ⋐ Z 0 converging to τ ∞ such that x n = ϕ τ n (t n ) for every n. Using (3.8) and the C 1 continuity of ϕ in τ yields that
Hence L 1 = L 2 . Now we will determine the fibers of the projection L 2 → W ′′ 1 . Let F x be the fiber of the last projection over x ∈ W ′′ 1 . By the construction of W ′′ 1 , there is τ 1 for which x = x 0 (τ 1 ). By the injectivity of x 0 (τ 1 ) and the definition of L 2 , we get
By (3.2), we see that ϕ
for some smooth map Φ. Taking derivatives in t in the last equality shows that ∂
for every λ ∈ C closed to 1. It follows that F x is an immersed analytic subsets of dimension at most (l 1 − 1 − l ′ 1 ) in X. Then Claim follows. The proof is finished.
We don't know whether the above lemma still holds if we don't have the condition that W ∩ RegV 1 = ∅. Proposition 3.6. Let W 1 be the set of irreducible components
Then there is a constant c independent of V 1 for which
Proof. Let ω be a Hermitian metric on X and ω, ω h as in the last section. Let W 1 be as in Lemma 3.5. Put l Since ω
The second integral in the right-hand side of the last equality is equal to the cup product of the cohomology classes of F x and ( ω h | σ −1 (x) )
which is thus ≥ c 0 for some strictly positive constant c 0 independent of V 1 . It follows that
Consequently,
This finishes the proof. 
for some constant c X depending only on X.
Recall that a Hermitian metric ω is pluriclosed if dd c ω = 0.
By rescaling ω, we can assume that ω := ω h + p * 2 ω + p * 3 ω > 0. Hence ω 2 := p * ω h + σ * 2 ω 2 > 0 as well, where p is the natural projection from X 2 to X × X.
Theorem 3.1 tells us that the tangent current to T :
, where T is the strict transform of T in X 2 , and π ∞ is the projection from P(N∆ 2 ⊕C) to ∆ 2 ≈ P(N∆ 2 ). On the other hand, Proposition 3.6 implies that 
with l = (l 1 , . . . , l 4 ) and
So to bound A M , we only need to bound T,
because of Stokes' theorem and dd 
The first case can't happen because otherwise we will get (l 1 + l 2 − 1)(l 3 + l 4 − 1) = 0. Hence, we obtain l
depends only on x 2 , x 3 and dim X = 2. Without loss of generality, we can suppose l 4 = 2. This combined with the fact that
by Stokes' theorem and l 2 + l 3 = 1. We now consider s ′ + s = 2. We have j l j = 2. Let l 1) . If the latter case happens, we get either l 1 = l 2 = 0, l 3 = l 4 = 1 or l 1 = l 2 = 1, l 3 = l 4 = 0. For these both cases, the stokes' theorem gives the T, Φ M 1 ;s ′ ,s,l = 0. The case where (l
Hence, we have proved that T ∧ Φ M 1 is T independent of M 1 . Combining this with (3.14), (3.12) and (3.10) gives the desired inequality. The constant c X depends only on X because all of constants in the estimates we used above do so. The proof is finished.
Proof of Theorem 1.2. By the hypothesis, there is a Hermitian metric ω on X with dd c ω j = 0 for 1 ≤ j ≤ k − 1. Let ω 2 := p * 1 ω + p * 2 ω where p 1 , p 2 are the projections from X 2 to the first and second components respectively. Let ∆ be the diagonal of X 2 . Observe that dd c ω j 2 = 0 on ∆ for 1 ≤ j ≤ k − 1. Let Γ n be the graph of f n on X 2 . Observe that [Γ n ] is a closed positive current of bidimension (k, k) on X 2 . Applying Proposition 3.4 to q = k; X 2 in place of X, V 1 := Γ n , V := ∆ and K := X 2 , we obtain that
This combined with the fact that lim n→∞ [vol(Γ n )] 1/n e −ha(f ) = 1 gives (1.1). Now assume that X is a compact complex surface. We will prove that h a (f ) is finite. To this end, we need to estimate vol(Γ n ). Let n 1 , n 2 be positive integers. Put
by Proposition 3.7. It follows that lim sup n→∞ [vol(Γ n )] 1/n exists and is a finite number. On the other hand, we can check directly that
Applying similar arguments as above gives
It remains to prove (1.2). Let
It was proved in [30, 18] that
Using an appropriate metric on X n induced from that on X, we can see that
where the sum is taken over M = (n 1 , . . . , n k ) with 0 ≤ n 1 < · · · < n k ≤ n. Since the number of such M is ≤ n k , in order to get the desired bound for lov(f ), we only need to bound vol(Γ M ). Fix a such M = (n 1 , . . . , n k ). Recall k = dim X = 2. Thus,
The last term in the above inequality is equal to
for any constant ǫ > 0 and n ≥ n ǫ . Therefore, we get
A direct computation shows that lov(f ) ≥ h a (f ). It follows that lov(f ) = h a (f ). This finishes the proof.
MAPS WITH DOMINANT TOPOLOGICAL DEGREES
In this section, we study meromorphic self-maps of a k-dimensional compact complex manifold having a dominant topological degree, i.e, d k > d j for 0 ≤ j ≤ k − 1. For the proof of Theorem 1.4, we will need the following lemma generalizing a similar inequality due to Dinh in [9] in the Kähler case. 
Proof. Let ω be a Hermitian metric on X. The second inequality of (4.1) is a direct consequence of the first one by using f −1 instead of f. Let Φ be a smooth (p, q)-form. Without loss of generality, we can suppose that q ≥ p.
By using a partition of unity, we can write Φ as a sum of forms of type Φ ′ := Φ (p,p) ∧ Φ (0,q−p) for some positive smooth form Φ (p,p) of bidegree (p, p) and some (0, q − p)-form Φ (0,q−p) . Let Ψ be a smooth (k − p, k − q)-form. Similarly, we can write Ψ as a sum of forms of type Ψ ′ := Ψ (k−q,k−q) ∧ Ψ (q−p,0) for some positive form Ψ (k−q,k−q) . It follows that in order to estimate (f n ) * Φ, Ψ , it is sufficient to estimate (f n ) * Φ ′ , Ψ ′ . Let π 1 , π 2 be the natural projections from X 2 to the first and second components respectively. Recall (f n ) * Φ = (π 1 ) * ([Γ n ] ∧ π * 2 Φ), where Γ n is the graph of f n . Thus,
By the Cauchy-Schwarz inequality, we have Hence, the desired inequality follows. The proof is finished.
We recall here the following result from [37] . Proof of Theorem 1.4. Let π 1 , π 2 be the natural projections from X 2 to the first and second components respectively. Recall that smooth forms on X 2 can be approximated by forms π * 1 Φ 1 ∧ π * 2 Φ 2 in C ∞ -topology, where Φ 1 , Φ 2 are smooth forms on X. By Lemma 4.1, we see that for smooth (k − p, k − q)-form Φ 1 and (p, q)-form Φ 2 on X,
if (p, q) = (k, k) because d k > d p or d q in this case. Let µ f be the equilibrium measure of f. On the other hand, if (p, q) = (k, k), we have
by Theorem 4.2. Using this and (4.3) gives
′ be a Hermitian metric on X for which dd c ω ′j = 0 for 1 ≤ j ≤ k − 1. This metric induces naturally a metric ω := π * 1 ω ′ + π * 2 ω ′ on X × X with dd c ω j = 0 on ∆ for 1 ≤ j ≤ k − 1. Let σ : X × X → X × X be the blowup of X 2 along the diagonal ∆. Let ω h be a Chern form of a Hermitian metric of O(− ∆) whose restriction to each fiber of the projection ∆ → ∆ is a strictly positive and belongs to the cohomology class of a hyperplane of that fiber. By rescaling ω ′ , we can assume that ω := σ * ω + ω h > 0. By our choice of ω h , the restriction of ω k−1 to each fiber of the projection ∆ → ∆ is a volume form of mass 1.
Applying Proposition 2.7 to T n := d Denote by Π 1 : X × X → X the composition of σ and π 1 . Observe that Π 1 is a submersion. Consider local coordinates x = (x 1 , . . . , x k ) on X. These coordinates induce a natural coordinate system (x, y) on X 2 . The diagonal ∆ is given by x − y = 0. Put y ′ := x − y. We obtain new local coordinates (x, y ′ ). A typical local chart on X × X can be described as (x, y 
